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Statistics of Colored Flux Lines
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A d-dimensional model of fluctuating flux lines with hard-core interaction is
considered. For d=3 this is a description of the Abrikosov flux phase in super-
conducting systems with short coherence length. Introducing flux lines with
different colors, one can solve the limit of infinitely many colors. This solution,
which describes free fermions, is a mean-field approximation in the case of a
finite number of colors. For d<3 this solution agrees with the result of a
perturbative treatment of hard-core bosons. Moreover, the entanglement of the
flux lines has only an irrelevant effect of the colored flux lines.

KEY WORDS: Second-order phase transition; vortex phase; fermion—boson
transmutation.

1. INTRODUCTION

The statistics of flux lines (FLs) is related to a number of classical
problems in statistical physics ranging from the statistics of dimers"’ on a
d-dimensional lattice to directed walks or directed polymers'® with
excluded-volume interaction. Recently it has attracted attention in solid-
state physics due to its realization as the Abrikosov flux phase®® of high-T,
superconductors. Nelson™® considered the statistics of FLs as a problem of
interacting Bose world lines. The analogy of FLs and Bose World lines is
obvious from the path integral representation of both systems. FLs, subject
to thermal fluctuations, behave like directed polymers. There is a path
integral for the latter where the internal parametrization by the lengths of
the polymer or FL appears as the imaginary time of the thermal Bose
system. Perturbation theory around noninteracting Bose world lines
(random walks) is rather complicated. In particular, a sensible result can
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only be obtained from Gaussian fluctuations around a trivial mean-field
result.®

We started in a previous article from a different point®’: Considering
hard-core FLs, one can construct an algebra (y# algebra) which describes
the statistics of a grand canonical system. The idea is similar to quantum
statistics, where one can describe fermions by a Grassmann algebra.® In
contrast to a Grassmann algebra for free fermions or the Gaussian field
theory of a complex field in the case of free bosons, the field theory on the
n algebra cannot be solved exactly. However, from the n algebra it becomes
obvious that one can write the interacting FLs in terms of fermions subject
to a random field.”® In the present article we will investigate a saddle-point
analysis and the corresponding perturbation theory of this model. For this
purpose, we introduce fermions with A different colors. This corresponds to
a system of FLs with N(2N —1) colors. The model can be solved in the
limit N — co. The solution is a grand canonical system of free fermions. For
finite N, we may apply a 1/N expansion. The Gaussian fluctuations around
the mean-field solution [O(1/N)] are massive even at the critical point,
where the density of FLs vanishes. In contrast, the fluctuations around the
free bosons in Nelson’s case are a relevant perturbation with a vanishing
mass at the critical point. Moreover, the interaction among these fluctua-
tions is irrelevant only for 4> 3. The advantage of the fermion description
of the hard-core FLs is not surprising: in d=2 it was well known!” that
free-fermion world lines are equivalent to hard-core FLs. In higher
dimensions the hard-core interaction is still treated properly by the free-
fermion saddle point. On the other hand, the free fermions do not describe
the entanglement of FLs properly, since they carry a phase due to their
anticommuting property. This is corrected by the fluctuations of the
random field coupled to the fermions. Fortunately, it turns out that these
fluctuations (and, therefore, the topological effect of the entanglement) are
an irrelevant perturbation of the free fermions if N is large or for any N if
d< 3. Thus, the free-fermion saddle point is a better approximation than
the free-boson saddle point if d< 3.

A typical configuration of FLs is shown in Fig. 1. The density of FLs
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Fig. 1. A typical configuration of flux lines.
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is controlled by a fugacity g which depends on physical parameters of the
model. For a type II superconductor in a magnetic field H, for instance,
this fugacity is proportional to exp[ — AP (H,, — H )/4r)], where f is the
inverse temperature, A the magnetic penetration length of the super-
conductor, and @, the flux quantum.®’ The lower critical field H_,
indicates the transition from the Abrikosov phase (H> H,,), where we
have a nonzero density of FLs, to the Meissner phase (N < H,,). The order
parameter which characterizes both phases is the density of FLs, n(a).
There are no order-parameter fluctuations in the Meissner phase, because
it costs too much energy to create even a single FL. Such an asymmetric
phase transition is known also from dimers on a brick lattice,'" where the
excitations from the ground state are chains of turned dimers.

We know from a general random walk argument by Fisher" that the
density of FLs obeys a power law n(ji) ~ ny(jz, — i) with

f=(d-1)2 if d<3 (1.1)

This result will be recovered from the saddle-point calculation in this
article. Furthermore, we will calculate the density—density correlations,
which are characterized by a correlation length &, for correlations parallel
to the direction of the FLs and &, for correlations perpendicular to the
direction of the FLs. These correlation lengths obey also a power law with
exponents

v = —1 (1.2a)

and
v, =—1/2 (1.2b)

As an example for a system of FLs, the London limit of a type II super-
conductor in the presence of thermal fluctuations is considered in Section 2.
Then we define our model of interacting FLs on a lattice in Section 2.1.
The special case of noninteracting FLs is briefly discussed in Section 2.2. In
Section 3 we introduce an algebra (y algebra) which describes correctly the
statistics of hard-core FLs and show in Section 4 that this representation is
related to the statistics of fermions coupled to a random field. In order to
obtain a soluble limit of the system of FLs, we generalize our model by the
introduction of colored FLs in Section 5. It turns out that the limit of
infinitely many colors can be solved (Section 6). Finally, we show in Section 7
that the result of this limit is not disturbed in a relevant manner if we consider
only a finite number of colors; i.e., it should be valid even for the original
model with only one sort (color) of FLs.
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2. FLUX LINES IN A SUPERCONDUCTOR

A type II superconductor in a sufficiently strong magnetic field is
characterized by the superconducting order parameter and by the
magnetization due to flux penetration. The description of this system
simplifies essentially for an extreme type Il superconductor, where the
magnetic penetration length is very large compared to the coherence length
of the superconducting state. In this case we may apply the “London
model,” in which one ignores the fluctuations of the superconducting order
parameter®’ (i.e., the order-parameter field is homogeneous). This might be
a good starting point for a phenomenological theory of the Abrikosov (or
flux) phase in the high-T, superconductors, since we do not know what the
theory for the superconducting order parameter {e.g., Ginsburg-Landau
theory) of these materials is. On the other hand, it is well known that most
of the high-T, superconductors are extreme type II materials.

The London model describes a system of » interacting vortices (or
FLs) in an external magnetic field which is applied in the z direction. The
Jth FL is defined by its coordinates r;(z) perpendicular to the external
magnetic field along the z direction. At very low temperatures the coor-
dinates {r,(z)} do not vary with z; ie., the FLs form an Abrikosov flux
lattice. However, for higher temperatures the FLs fluctuate if the thermal
energy is of the order of the stiffness of the FL. Following the literature, the
Gibbs free energy of n interacting FLs is given as‘

R LE s [ [ =)
| ety [ | T

i)

n

G,= Y elj:[l-i-

i=1

dr.(z)
dz

—%Jb(r,z)dzr dz (2.1)

The first term is the energy of a single FL, the second term is the energy
of the interaction of pairs of FLs, and the third terms is the energy of the
interaction of the FLs, which produce the internal magnetic field 6 in the
superconductor, with the external magnetic field H. Here ¢, is the energy
per unit length of a FL, A is the magnetic penetration length, and the
coupling constant g is related to the flux quantum @, = 2nfic/2e and 4 by

P

_ % 22
=822 (2.2)

The function K, is the modified Bessel function,® which is exponentially
decaying for large arguments: Ky(x)~ (n/2x)"%e~ for x ~co. Now we
may apply two approximations in order to simplify the expression of G,,:
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(a) Local fluctuations of the FLs are weak:

25172 1
1 ~1+=
[ * ] "2

(b) Approximation of the short-range interaction by a hard core on
a lattice A:

2

dr(z)
dz

dr,(z)
dz

(2.3)

ri(z) —r,(2)7] _ lri(z) —r;(z)]
K, [—[*—} ~V, [_/1 } (2.4)

with
(rj,z)e 4 (2.5)

where the components are (r;),=1,2,.., N, z=1,2,.., L, and

0 for x=0
vV, = .
(%) {o for x#0 (26)
The Gibbs free energy then reads
H@ P L n
Gn=<gl— 4n°> nu+2—;£jl ,»; lri(z+ 1) —r,(2))?
A2 L lri(z) —r,(2)]
+g—2—z ¥y VA[———()/1 f()} (2.7)

i#j z=1

All lengths are measured in units of the penetration length 1. To describe
the general situation under the influence of thermal fluctuations, we
introduce a grand canonical ensemble of FLs. This is defined at the inverse
temperature f§ by the partition function

1
Z=3) = Y exp(—pG,) (2.8)
n!
nz0 {"j(z) In
The summation goes over all possible configurations {r;(z)}, of FLs.
Apparently, this model may undergo a phase transition when the “chemical
potential” &, — H®,/4n of the fugacity { = exp[ —BA(e; — HD,/4n)]
changes its sign. This phase transition is trivial in the sense that it is driven
only by the fugacity. Defining the lower critical magnetic field H,, by

H,, =4ne,/®, (2.9)

the system is in the Meissner phase (no FLs) if H< H,, (ie, {<1) and in
the Abrikosov phase (nonvanishing density of FLs) if H> H,, (ie., {>1).
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The transition from the Meissner to the Abrikosov phase has special
properties which are different from most other phase transitions in
statistical physics. It is related to the fact that the Meissner phase is empty
because it needs too much energy to create a FL. Therefore, there are no
fluctuations in this phase. On the other hand, thermodynamic quantities
(e.g., specific heat) are divergent if one approaches the Meissner phase from
the Abrikosov phase. Such an asymmetric behavior is also known from
dimer models on special lattices'” (e.g., brick lattice). Due to the lattice
structure, it is only possible to change the direction of the dimers along a
line through the entire lattice. This corresponds with the creation of a FL.

We will discuss in the following mainly the dilute region of the FL
system. That means we are restricted to the neighborhood of the
Abrikosov-Meissner transition and to those properties of the FL statistics
which are related to long-range fluctuations. The weight of a FL element
is given as

exp| ~B3 In+ 1) =r(2)1 2.10)

At low temperatures the weight of line elements parallel to the z direction
[r(z+1)=r;(z)] is dominant, whereas for higher temperatures also other
line elements are important. In particular, near the phase transition the
system of FLs is dilute and strongly fluctuating. Therefore, we may restrict
our model to line elements which connect only nearest neighbor points #', r
and ignore line elements which are parallel to the z axis. The weight of a
FL element ((r, z), (#, z+ 1)) reads then

&) Ad—1)
T,z e1=CXP <_ﬂﬂ |r’—r|2> =1(f,e)) Y Op,ie (211)
j=1
with )
€14
“(h o) =exp () 12)

e, is the lattice unit vector in j direction perpendicular to the z axis. The
restrlctlon to nearest neighbor FL elements is not crucial when we consider
effects on length scales which are large compared to the lattice spacing 4,
since all types of fluctuations can be presented by only nearest neighbor
line elements. The advantage of this simplified description is the fact that
there are only two quantities which depend on the physical parameters,
namely t and {. The partition function reads

2= % (" T exp{~p R WA L [ REE)

n>0 {ri}n i#j z=1
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We notice that the interaction term does not depend on the parameters,
due to the hard-core potential V,. The product {r appears as an effective
weight of the FL element. Defining the new parameter

f=[2d—1){]! (2.14)
and neglecting the trivial factor

—Na-1f,
i

which does not depend on the configurations, we can write the partition
function on the lattice as

7= z _[2 __1)]~nL (Nl )L

n>0

=2 exp{ er = Z v, [———;——(Zﬂ]} (2.15)

{r}n i%j z=1

Here we have separated the weight of a FL element [2(d—1)~'] and the
weight () of empty sites. Thus, we have obtained a simple description of
the flux (or Abrikosov) phase which will be used for the further
investigations.

2.1. A Model for Fluctuating Flux Lines

As discussed in the previous section, it is convenient to describe the
statistics of FLs on a lattice. Then we avoid certain difficulties related to
the regularization of a continuum model from the beginning. The model,
which we have obtained from the London theory of typeIl super-
conductors after some approximation, has other realizations in statistical
physics. Therefore, we summarize its definition here.

Since we are interested in the description of FLs with short-range
interaction, the lattice spacing corresponds to the characteristic interaction
length of the physical system. In a type II superconductor, for instance, this
would be the magnetic penetration length, at least for directions per-
pendicular to the external magnetic field. For simplicity we will also use
this lattice constant in the direction parallel to the magnetic field. These are
physical reasons for the introduction of a lattice model. On the other hand,
qualitative propertiecs of the statistical model may not be sensitive to
structures on short scales. This is in particular the case when we consider
the transition from the Abrikosov to the Meissner phase, where long-range
fluctuations dominate the behavior of the FLs near the transition point.
Thus, the lattice spacing is irrelevant for the discussion of critical
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(asymptotic) properties. To be more specific, we define a d-dimensional
cubic lattice as

A= {1, N} x {1y Nt x - x {1, N} x {1,., L} (2.16)

where the z direction is along 1, 2,..., L. The vector r = (x, X5, X4_ ) 18
perpendicular with components x;€ {1, 2,.., N}. The simplest statistics of a
FL {r(z)} is now defined on A by its FL elements which connect lattice
points (r, z) with (r +e,, z+ 1). The probability of such a FL clement is the
same in any direction of the lattice unit vector e;:

Prob((r, z) > (r+ e, z+ 1)) = 1/2(d— 1) (2.17)

FLs constructed with these elements have a fixed length and are flexible.
A generalization to FLs with variable length will be given elsewhere.
However, we do not expect a qualitative change of the properties on large
scales.

A FL always starts at the bottom z =1 and terminates at z= L. Then
we introduce the hard-core interaction between the FLs: FLs do not touch
or intersect each other; ie., different FLs may not occupy the same lattice
site (r, z). It is desirable to construct the FL statistics in a way such that
the continuum limit leads also to a hard-core interaction. Therefore, we
must avoid that FLs can cross each other between the lattice points. This
can happen when two lines occupy nearest neighbor points for a given z.
Lets assume these points are (X;,.., Xj,., Xz-1,2) and (x,., x;+1,..,
X4_1,2). Then a crossing occurs between z and z+ 1 when a FL continues
from z to z+ 1 as

(X1 50y Kooy Xg 15, 2) = (X gy X+ Loy Xg 1, 24 1) (2.18a)

and another one as

(X ey Xt Lty X g 15 2} (X ey Xy X5 2+ 1) (2.18b)
(see also Fig. 2). Such a situation, however, can be circumvented when we
impose appropriate boundary conditions at z=1: FLs can only start at

N\ Ve
AS
N //

Z+1 N //

Fig. 2. Crossing between lattice points. This situation can be avoided by appropriate
boundary conditions (see Section 2.1).
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z=1 from points with odd coordinates x;. Due to our choice of the FL
elements in (2.13), this means that for z even the x; coordinates are even
and vice versa. Then FLs cannot sit on nearest neighbor sites and the
crossing between lattice points is avoided.

The FLs should not cover the whole lattice. Therefore, we introduce
a fugacity j which measures the weight of empty sites on the lattice. Thus,
we have defined a grand canonical system of FLs on the lattice A.

Before we investigate the general model of FLs as defined above, we
should mention that there are three special cases which are exactly soluble.
The first case is the limit of noninteracting FLs. Then there is the case of
hard rods where we ignore the thermal fluctuations of the FLs. And finally,
we have the two-dimensional system; i.e., FLs on a square lattice. The last
case is relevant as a model for domain boundaries on a surface. This model
is soluble because it is equivalent to free fermions on the square lattice.”
The latter is based on the fact that the FLs are topologically simple
because they cannot wind around each other. However, they are subject to
thermal fluctuations and interaction, in contrast to the first two examples.
Therefore, the last case might be closest to the general model of FLs in 4
dimensions; in particular, to the superconductor, where d=3.

2.2. Noninteracting Flux Lines

As a simple example, we discuss the partition function (2.15) in
the case of noninteracting (independent) FLs. A collapse of this grand
canonical system can be avoided by introducing the constraint that at most
one line per site can start at z=1, which corresponds to a surface inter-
action. The evaluation of Z is then only a simple combinatoric problem.
Nevertheless, this case is interesting for our investigation of interacting
FLs, since we can study the effect of the interaction by comparing with the
results of the noninteracting system. We will show now that the non-
interacting FLs exhibit a discontinuous behavior of the density of FLs (a
step as a function of the fugacity u) for the Abrikosov—Meissner transition
at p=1.

According to the model, a FL starts at z=1 and terminates at z = L.
Suppose a flux line starts at (r, 1). There are 2(d — 1) ways to proceed to
z=2. In general, there are always 2(d— 1) ways to go from z to z+ 1. This
implies [2(d~1)]* possible realizations of FLs starting from one site
(r, 1). If we have n FLs starting from fixed different sites at z =1, there are
[2(d— 1)]*" possible realizations because there is no interaction among the
FLs in the bulk z> 1. Finally, we can choose

<NH> (2.19)
n



286 Ziegler

possible sites as starting points for FLs at z= 1. Notice that the n! of the
partition function Z is here already incorporated. Therefore, we get

Ndfl
< " )[2(d—1)]”’ (2.20)

realizations of n FLs on the lattice. Then the partition function reads
Nd-1 < Na—1

Z=)
n=10

n )ﬂ“m‘”=[1+ﬁLT“‘ (221)

Since @ is the weight of empty sites, one obtains from the free energy
F=(1/N“"'L)log Z the density of noninteracting FLs as

oF 0
)= 1= R = (1) = ()~ |

2.
oi B P R e

for L ~ o0.

3. THE n ALGEBRA

An important fact in quantum statistics is that the field of a free
particle is characterized by a special algebra according to the nature of the
particle. For instance, bosons are given by a complex field, while fermions
are decribed by a Grassmann field. Free fermions are hard-core particles,
since more than one fermion cannot occupy the same site. This is
represented by the Grassmann algebra. With respect to the interaction,
hard-core FLs behave like free fermions. On the other hand, fermions are
anticommutative objects, whereas FLs are commutative, like bosons. Thus,
FLs can be considered as world lines of particles which have bosonic as
well as fermionic properties. We will construct in the following an algebra
which describes the FLs correctly.

On the lattice 4, we introduce an algebra of variables {7, ., 7, ,} over
the complex numbers. This algebra is chosen to represent the properties of
the hard-core FL model defined in Section 2. The following properties are
sufficient:

(i) The multiplication of #, ., 7, , 1S commutative.
(i) #,., 7, are nilpotent [ie., (1,.)=(7,.)'=0for I>1].

(iii) There is a linear mapping (which we will call integration) | into
the complex numbers with

(1 i A=4
[1 nr,znr,z—{o & A eA (3.1)

(r,z)ed’'c A
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The result of the integration, the integral, is nonzero only if the product of
the variables {7, .,7,,} on A is complete. The construction of analytic
functions (e.g., the exponential function) is obvious in terms of polynomials
of the #, ..

If is obvious that these variables are closely related to Grassmann
variables. Writing for the latter {yr,,., ¥1,., V2, W¥,,.}, the former
variables can be expressed as products of the Grassmann variables:

Mr:=Wi, Vo (3.2a)
M=V (3.2b)
By means of the variables {#, ., 77, . }we define the following “weights”:
I. Each FL element is identified with the “weight”
Wzt oMM (3.3)

where the matrix elements of w are given as

3.4
0 otherwise (34)

{1/2(51'—1) for r'=rzte;, z'=z+1
Wr,z;r',z’ =

II. Furthermore, we introduce a local “weight” which corresponds to
the fugacity j, ., of the empty lattice sites:

ﬁrgznr,zﬁr,z (3'5)

By mean of I and II we can write the “weight” of an arbitrary configuration
of FLs I={r/(z)} as

L
W1: l—[ H (1+ﬁr,zr]r,z’;ir,z) H Wr,(z),z;r,-(z+1),z+1'1r,-(z),zﬁr,(z+1),z+l (36)

z=1 r ri(z)el

It is convenient to impose periodic boundary conditions in the z direction
and free boundary conditions in the other directions. These boundary
conditions imply that we sum endpoints (z=L) of the FLs over permuta-
tions of the starting points (z=1). Free boundary conditions in the z
direction, however, can be obtained by introducing additional “weights” on
the surface z=1, L in order to get complete products according to (3.1).
Since we are interested in the thermodynamic limit, the discussion of the
boundary conditions is not so important.

We obtain the statistics of FLs from the integral over the algebra: the
statistical weight P, of a configuration [ is

t
P,:j W,/%J W,::Ej w, (3.7)
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where 3., is the summation over all possible configurations on A.
Property (ii) implies that lines do not touch or intersect each other, while
property (iii) guarantees that they must start and terminate on the surface
z=1, L. Finally, the weights are always positive due to property {i). The
partition function Z then reads

L
Z= {Z} f WIZJ l__[ H l:(l +ﬁr,znr,zﬁr,z) I._] (1 + Wr,z;r’,z+ lnr,zﬁr’,z+ 1):i
I3 z=1 r r
(3.8)

With (i)-(iil) we obtain then

zz 1_[ (wr,z;n(r,z)+lar,25r,z;n(r,z)) (39)

nozr

n are here the permutations of the lattice sites (r, z). Thus, the partition
function of the hard-core FLs is a permanent. The rhs of (3.8) can also be
written in the standard form of a partition function of statistical mechanics

as
Z:fexp{

The fugacity ji,. appears here as a chemical potential of the grand
canonical ensemble. Now we may also express expectation values of the
statistical ensemble in terms of the variables . For instance, the density of
FLs per lattice site reads

Z Wr,z;r’,z’nr,zﬁr’,z’+zﬂr,znr,zr_’r,z}z: Jexp(_S) (310)

r,

Aur,z
zZ

1 _ _ _
nr,z:E Z J‘ (1 _.ur,zrlr,znr,z) WI= 1 - Jnr,znr,z exp(‘—S) (311)

{7}

since we have, due to (ii) and (iii),

Fl0-mannaw={0 L CES )
For the density—density correlation function we find accordingly
Crvrar = | U il o D0 = B 1) XD S) =
(3.13)

Unfortunately, we cannot evaluate the expression in (3.9}, (3.11), or (3.13)
exactly for any dimension d. Only for d =2 can the partition function (3.9)
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be determined due to its analogy to the free fermions discussed in the
previous section. Then the permanent of (3.9) is identical to the fermion
determinant:

z H (W + ﬂ)r,z;n(r,z) = Z (—— I)TE H (W'—ﬁ)r,z;n(r,z) = det(W '—ﬂ) (314)

nozr T Ir

This is based on the fact that one can use the Grassmann representation of
the #, 7 given 1n (3.2a), (3.2b). For d=2 we may integrate then over r, and
¥,. In higher dimensions, however, there appears a minus sign, depending
on the special configuration, since we must order the product of
Grassmann variables along the direction of the FLs. Due to the anticom-
mutative relations among these variables, this leads for d>2 to a minus
sign for certain configurations. In other words, FLs are topologically dif-
ferent from free-fermion world lines. The latter change sign if they exchange
positions, whereas the former do not have a phase dependence. Therefore,
FLs behave like boson world lines. This observation has led to the idea of
treating the FL problem as a model of free bosons subject to a perturba-
tion theory for the interaction. This means that we regard the distinction
of different topological properties as important and treat the interaction as
a perturbation. It turned out from perturbation theory that the latter is
irrelevant only above three dimensions. The representation of FLs which
interact via a hard-core potential by the # algebra enables us to introduce
a fermion representation.”) The details and the properties of this
representation will be discussed in the rest of this article.

4. FERMION REPRESENTATION OF FLUX LINES

In Section 3 we have seen that the partition function Z of a grand
canonical system of hard-core FLs is given by a permanent:

Z=3 10+ Duney  x=(12) (4.1)

In general, we may introduce a local fugacity f,. Local expectation values,
e.g., the local average density of FLs or the density—density correlation
function, can then be obtained by differentiation of log Z with respect to
the local fugacity fi,.. For instance, we get with (3.11) for the density of FLs

0
n.=1—j, ﬁ logZ (4.2a)
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and from (3.13)
32
* 0L, Ot

Cx,x' = ﬂx.ﬁ log Z (42b)

for the density—density correlation function. It is, therefore, sufficient for
our purposes to evaluate the partition function of (4.1). As a first step we
derive a random matrix representation of the permanent. We introduce a
matrix u with statistically independent matrix elements. The distribution of
these elements is restricted only by a vanishing mean

QU =0 (4.3)
and the variance
)y, =1 (4.4)
With
R N e T (4.5)
and
7%= (1) (4.6)

we consider with an arbitrary parameter s

<det(sﬂ +7) det (% u+ />>

= <{Z (_ 1)711 H [Sﬁxlm(x) + yxaxm(x)]}
1
X {Z (— 1)7[2 l__[ l:; ﬂx,nz(x) + ’yx(sx,nz(x):l}> (47)

Since the #, . are statistically independent, the rhs is

. 1
z (“ 1)n1+7r2 I_[ < [sux,nl(x) + ’Vxéx,m(x)] [; ux,ﬂ:z(x) + ’yxéx,nz(x)jl> (48)

Ty, T2 X u

where we have performed a summation over all permutations =, 7, of
xeA. Due to i1, . =0, as defined in (4.5), one has

_ 1_
< [Sux,m(x) + Vxéx,m(x)] I:; ux,n;(x) + ’yxéx,nz(x):|>

T if m(x)=m,(x)=x
= <ﬁx,n1(x)ax,nz(x)> lf x?énl(x)’ nz(x) (49)
otherwise

u
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We notice that mixed products of y, and i, ., vanish because of the
vanishing mean of u, .. Finally, the statistical independence of the u, ,
implics

<I’7x,m(x)ﬁx1,7r2(x)> = 5n1(x), nz(x)wx,nl(x) (410)

In the product of the two determinants there appears at most the second
power of any matrix element u, ... Therefore, the restriction of the distribu-
tion of u, . by its mean and its variance is sufficient. Now substituting the
result of the averaging into the expression in®(4.7), we obtain

<det(sﬁ +7) det <§ u+ y>>

= Z (_ 1 )7r1+7zz H [Wx,nl(x) + y)r&x,m(x)] 57r1(x),7r2(x)

1,72 x

ZH [Wx,n(x)+lax5x,n(x)] (411)

The rhs is again the permanent of (4.1), which is the partition function of
the hard-core FL system. It is also remarkable that the rhs does not
depend on the parameter 5. Later we will utilize the freedom of choosing
this parameter. Thus, we have expressed the partition function Z in terms
of determinants of random matrices. It is well known that the partition
function of free fermions is also a determinant (“fermion determinant”)
where # describes the motions of the free fermions on the lattice
(“hopping”) and y is a chemical potential. On a more formal level we can
introduce Grassmann variables {y*, §%} («=1, 2). The partition function
Z reads then by means of (4.11)

z=([ow| S 3 vttt .00 |Tlaszaps) @i2)

X,x' a=1

where [ ---TT d dif is the usual “integration” over independent Grassmann
variables'® * and §*. The t, carries the parameter s, since «=1,2 are
related to the first and the second determinant of (4.11), respectively: 7, =,
7, =1/s. Now i, , appears as a random field which couples to neighboring
pairs of fermion fields.

5. Colored Flux Lines

If there is only one type of FL, we have seen in the previous section
that two different Grassmann (fermion) fields Y% (x=1,2) yield an
equivalent model. Now we can generalize the fermion representation by

822/64/1-2-19
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introducing 2N types of fermions. The partition function (4.12) reads for
this generalized model

z=([en] 3 T v <f N L I T Y BEY

x,x" a=1

with t,=sfora=1,2,., N, and 1,=s ' fora=N+1, N+2.., 2N.

We have introduced a normalization \/_]\_7 of the random field #, ..,
since we are interested in the limit N — co. The latter leads to a soluble
model due to this normalization: while the number of fermions is
increasing with N, the contribution of the individual fermion lines (given
by the propagator u, ) is decreasing with N~'2 In the next section we
will investigate the limit N — co. In the rest of this section, however, the
meaning of 2N fermions in terms of the FLs will be discussed. For this
purpose we perform the average over u in the partition function Z, of
(5.1). This is possible because the averaging can be exchanged with the
integration over the Grassmann variables. It is convenient to introduce
Gaussian-distributed matrix elements:

1 du. ..
Pluy, ) duy . =exp [~ : (ux,xr)z] 2”\/; (5.2)

Then the averaging is just a “completing the square” in the exponent of
(5.1), which leads to

1 N P
Zv=[ew|5g X e ¥ et
X Zud T v (53)

We remember that only a complete product of Grassmann variables
{¥%, 9%} gives a nonvanishing contribution. Therefore, the term with 7y,
can be replaced by a polynom P,, of

WL WIS (54)
such that
exp | Pan (12 T 320020507 ) | = oxp (. T 0203
Then we may combine the Grassmann fields as

b =Y, =P (5.5)
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The new variables {#%*} satisfy the properties (i), (ii) of the # algebra in
Section 3: products of these variables are commutative and they are nilpo-
tent. However, property (iii) is only valid fora=1, o' =2 (ora =2, «' =1),
since they are constructed from the Grassmann algebra. In other words, the
¢ are independent only for different indices « and «'. The interpretation
of the partition function in terms of the ¢ becomes obvious if we rewrite the
summation in the exponent:

1 o
ZN:jexp [N Z Wx,x’ Z Tozrrx/gﬁia ¢i?(

o>

#3203 467 ) [T v a: (56)
We notice that terms with « = a’ do not contribute in (5.3) and (5.4). There
are N(2N—1) terms in 3, ,~. We recover the original model of hard-core
FLs for N=1, since ¢2' can be replaced by 5. For N>1 there are
N(2N — 1) different colors of FLs, where each color (2, «’) is represented by
the field ¢** and its conjugate ¢**. FLs with colors (a, o') and («”, «") are
subject to a hard-core interaction if a =a” or «’ =a". Otherwise they do
not interact. This means that the effective interaction is weaker than in the
case of a single color. Therefore, the density of FLs will be higher for the
colored FLs. In particular, the exponent of the density f is equal to or less
than that of the FLs with N=1. Due to the colors we have obtained a
rescaling of the statistical weight w, . by the factor 7,7, in (5.6). This
factoris 1 for N=1, and is 1, 52, or s~2 for N> 1. One can rescale the field
#** and its conjugate ¢** by the square root of this factor in order to get
a rescaled fugacity pu** = (t,1,) " *ii. Thus, depending on the color, the FLs
appear with a different fugacity (or chemical potential).

5.1. Regularization: Dynamics of Fermions

It is clear from the expression (4.11) that the partition function Z, can
vanish for certain realizations of the random matrix u. The free energy
log Z  1s therefore singular. Since these singularities do not have a physical
origin, we can avoid them by introducing a regularization. In the present
case, it is convenient to introduce formally a relaxational dynamics for the
fermions. This leads to a time-dependent Grassmann field

Jdnd 5o (5.7)

in (5.1). Since Y%, and ¥ %, are independent Grassmann variables, we can
rename the conjugate field as

T o 7, o+ N(mod 2N)
X, f hd l//x,r
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Moreover, there is a time difference operator for the dynamics such that
the partition function reads

1 — -
Zow={[ew{TT|[ L3008, -v2 00,
v (a1 as )

x, 1o
(5.8)
with

_1 — — _ - —
==V =g @=L = =T

The dynamics enters in a simple form because we consider the random
matrix elements #, . as static (time-independent). Thus, we can diagonalize
the time dependence by a Fourier transformation. In terms of the
corresponding Matsubara frequency ¢ the partition function is a product
over ¢-dependent partition functions:

ZD,NznZe,N (5-9)

with
Z.n= <J exp {Z Y [g[/fcgeiséx,xrtﬁi:e

s (yxéx,x/ Jr—rﬁv ) s Mmos 2”]} [Tay=. dl/7i,e> (5.10)

In order to understand the regularization, we integrate over the Grassmann
variables. This leads to

1 N/2
u-+y

ie u ie

5

Z, v=1{|det JN det SN
’ s g ) 1 _, )
—u +vy 13 u +vy e

\/N s/ N /u

(5.11)

The Matsubara frequency from the relaxational term adds as an imaginary
term to the Hermetian matrix

N
—— ity
JN (5.12)

L2 0

N
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Therefore, the determinants in Z, , do not vanish for any realization of .
On the other hand, the long-time (low-frequency) limit gives the original
model as defined before:

N

lim Z, y={ | det (—=1 ) et(—l—' >J> 5.13

e—»OZS’N <[ et(\/ﬁu+y d S\/NLH-)) ) (5.13)
Thus, the frequency term ie is a regularization of the model. Of course, it
would not be needed if we treat the model on a finite lattice with
appropriate boundary conditions, since the partition function cannot be
zero then. However, this requires a careful discussion of the finite lattice.
The regularization allows a more liberal study, because only for the expres-
sions we consider at the end do we have to be careful with the existence of

the static limit &. We will see that this limit and the thermodynamic limit
cannot be interchanged.

6. THE N> oo LIMIT

In order to understand the colored FL model of the previous section
we have performed the average with respect to the random matrix v in Z,,
of (5.1). To discuss the asymptotic behavior of Z, for large N, it is more
convenient to integrate over the Grassmann field ? first. Then we obtain
the result of Section 5.1, Eq. (5.11),

u+vy

N

2

i

&
3l

1 N/2
u-+y

S/ N

s\;ﬁﬁ +y 1§ )

since {y*} are independent Grassmann variables. Using again Gaussian-
distributed matrix clements u, , as defined in (5.2), we can rescale these
matrix elements by N~Y2 Then we get

O i s+ ic (l/s)ﬁ-{—y) N7z
ZS’N_j l:det<sﬁT+y ic )det<(1/s)ﬁT+y it

;1 /N\"? N
<3(3) exp| - 5 an)? | dies (61)

x,x
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The product [T goes over pairs x, x" = (r, x), (r, z’) with (¢, z') =
(rte;, z4+1) (for j=1,2,.,d—1) according to our definition of the FL
element by w, .. in (3.4). The form of the partition function suggests a
saddle-point approximation: for large N the integral over the matrix
elements is dominanted by the maxima of the integrand. It will turn out
that there is only a single maximum for translational invariant realizations
of u,,. We obtain a 1/N expansion from the expansion around this
maximum.

The extrema (or saddle points) of the partition function can be
evaluated from the saddle-point equation

15} 1 , 1 ie SU+ Y
{2 (1 ) —Elogdet< _ ) >

Ou, sul+y e
1 -
1 e ;u+y
—ilog det ] =0 (6.2)
SETEY g

The further discussion will be restricted to translational invariant solutions
u, of (6.2):

(uo)x,x’=(uo)x’fx (63)

which is suggested by the exact solution of the two-dimensional model. The
Fourier components of the solutions can be written as

i, =[2(d—1)]"? oxe™ (6.4)
with
| 4=t
K:d—_T_;gi cos k; (6.5)
for
—n<wk;<n (6.6)

Then ¢ must be determined by the saddle-point equation. We obtain from
(6.2) for e~0

2
2 (" Tt =2y 28 (S — 2 ) | s
g j_n J_H[Q(sax y )+9<S2K yﬂ o o (6.7)
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where 9 is the step function. The integral can be rewritten by means of the
density

1 N gk, dk, .
ﬂd—1(1€)=-7;1€11r{)1 Im anjﬂr [_d— gl cos k; ~K—l£:| E L
(6.8)
The saddle-point condition for ¢ then reads
1 1
az~2j pd,l(rc)dk+2f 04 (1) dic (6.9)
t

y/sal |sy/a]

Now we take advantage of the fact that s is a free parameter which can be
chosen as

s=ag (6.10)
This leads, from (6.9), to

o ~2f

/02|

1
pu(K) d;c+2f pa_ (i) dx 6.11)

17

y?=ji is a parameter of the FL model describing the weight (fugacity) of
empty sites on the lattice. Since the density p,_,(x) vanishes for |k| > 1, we
obtain

1
a2~2j pa_i(k)dc  for [y >1 (6.12)

lv/a?l

Furthermore, p,_ (k)20 and
1
2J pu (k) dic=1 (6.13)
0
This implies, for {y| > 1,

1
0<2| ot (k) d;c<2f 04 (k) dic< 1 (6.14)

Iy/a 1/0?

and due to (6.12), 6> < 1. Consequently, with (6.12), 0> =0 if ¢ =0. There-
fore, y>1 describes the Meissner phase (no FLs). On the other hand,
6% =2 for y=0. The behavior of 6°(y) depends on the dimension d for
0 < |y] £ 1. In particular, we have

1
az~2[ pu_i(K)dc  for a?<lyl (6.15)
17l
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o? can be evaluated easily from (6.11) for d =2, 3, because we have

{—

(1—x2)~120(1 — x?) (6.16)

1 1—x\? ,
1+KK<<1+K)>9(1—K) (6.17)

where K(y) is the complete elliptic integral.® The densities of higher
dimension have the asymptotic behavior

pi(k) =

Ale H

palk)=

pa_(K)~const-(1—|x|)¥=32%  for |k|~1 (6.18)

We are now in a position to evaluate physical quantitics which can be
expressed in terms of the free energy of the infinite system (41 Z9),

F, o= li
eN = NN

log Z,
=1J [log(sz—i- loi, , +7]%)
2 o0,k
1 do d* 'k
2, - 2 —1
+log (s +Gu(,’k+y| )] . “(Zn)d‘1+O(N ) (6.19)

The density of FLs reads then, according to (4.2a),

@ 5
=1-1 =1-1 .
n(y)= m [T gl Ellng 3 6 (6.20)
and, with (6.19),
oKke™ +y Ke'™ +7y do d* 'k
=1-1 - : —

n(7) 010 2 f l:sz + lo%ke™ + 9|2 Ty |Ke' + ylzJ 21 (2m)4!

+O(N Y (6.21)

The w-integration has been carried out in Appendix A, with the result

|y/62| det i Iyl -

1 =1=[" pi i) de~ | pa () +OWNTY)  (622)
0 0

For 6% < |y| we get

n(y)=f1 0@~ 1(k) dic + O(N~ 1) (6.23)
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We will see in the next section that the terms O(N~!) vanish if |y] - 1.
Thus, the density of FLs vanishes for |y| > 1; ie., [y|=1 (or i=1) is the
critical point of the Abrikosov—Meissner transition. The asymptotic
behavior of the density is, in saddle-point approximation,

n(y)~no(1—[y[)*= % for |y|<1 (6.24)

The coefficient n, can be logarithmically divergent (e.g., for d=3), as we
see from the expression in (6.23). The power law is in agreement with a
general random walk argument by Fisher) for d< 3.

From the frec energy we can also derive the density—density correla-
tion function according to (4.2b). A simple calculation leads for ¢ < |y| to
the longitudinal correlation function

v

C||yZ= 2

Gi2,0,:G 120, .+ ON") (6.25)

With the Green’s function defined in Appendix A,

do d'~'k

G12; —r,—z =

1 jn Jn (ke + y)el@+ik:r
Cuy') o n &+ [ke™ +y]2

we obtain from Appendix A
1 vl L |
Cie=3 ] €pacst)di [ x %, i(x)de+ ONY)  (626)
0 vl

Pulling the densities out of the integrals, we find an exponential decay of
the form

1 1=y ~! _
Cie=50"" k1) pacslie2)y? —g L= +OWN™Y) (627)
with some values x;, k,:
O0<x <yl and [|y/<k,<1 (6.28)
Thus, there is a correlation length
Ey~(—Ph~t  for jyi<1 (6.29)

The transverse density—density correlations are isotropic. Therefore, it is
sufficient to consider the x, direction for ¢% < |y|:

2

Y

Cln=5G130.0,.0.0012:(-r.0._0 0+ O(N™") (6.30)
2
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Again from Appendix A we obtain
d— 1

1 2
C., == +ONY (6.31)

5 j ez’klr]e(,yz - KZ)

The (d— 1)-dimensional k-integration can be reduced to a one-dimensional
integration of the form

Conmm] pa-s0)sinlr/E,(d 0] di} + 0N

nr? ra- 0y -1a-2)
(6.32)
with a characteristic length scale
¢, (dyy, t)={arccos[(d— 1)y — (d—2)¢]} ! (6.33)

If we approach the critical point |y| =1, the asymptotic behavior of this
length scale is, for ¢~ 1,

Eo~[2d-1)(1=yD]1~2 (6.34)

7. FLUCTUATIONS AROUND THE SADDLE POINT:
1/N EXPANSION

The saddle-point approximation, which is also the limit N — oo of the
colored FL model, is a model of free fermions. It describes exactly the
statistics of FLs for d=2, N=1 if we substitute y —»y?=ji. Therefore,
the fluctuations around the saddle-point solution cannot contribute to
the model in a relevant manner. The situation might be different in d> 2:
fluctuations of the random field u, ,. could lead to a modification of the
saddle-point result, since they are responsible for the difference from the
free fermions due to the entanglement of FLs. Nevertheless, we will show
in this section that the fluctuations are irrelevant with respect to the
Abrikosov—Meissner transition in any dimension 4. For this purpose we
consider again the partition function Z, , of (6.1), introducing a free
energy F, »:

Zs,N:Jexp(_Fs,N) E/ 5(;) dux,x’ (71)
with
F, -2 Y [(ug+ 6u), . 1°—log det ie a(zzo+5a)+y>
SN & BT O OB S (@ 4 5T) 4 ie
ie (1/6)(ﬁo+5ﬁ)+v>}
— 7.2
log det((l/d)(a§+5ﬁr)+y ic (7.2)
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The random matrix is here separated into the saddle-point solution u, and
the fluctuation du around u,. The expansion of F, y in powers of the
fluctuations du is apparently a 1/N expansion. This becomes obvious when
we rescale Su by ﬁ : the fluctuations appear with N~ 2 in the
determinants of F,,. In particular, the second-order contribution
(Gaussian fluctuations) is O(N°) then. Thus, at least for large values of N,
we can restrict the investigation of the fluctations to Gaussian fluctuations
of F, v:

1
GGauss =5 z (5ux,x’)2

1 0 odu 0 ou
-— T , -
" 462 Z " & I:nyx <512T 0 >x’,x” GX . <5QT 0 )x”’,xJ

o’ 0 du 0 di
— T ’ , G, ,,,,,
+ 4 X’"Z!:XW I-2 |:Gx,x <5IJT 0 )xl,x// x", x <5L_IT 0 )err,XJ
(7.3)
where
ie (o), +y\ ™"
= 4
¢ ((1/a)a§+y ie (7.42)
ie o, + 7\ !
G'= 7.4b
<Jﬁ0T+y ic ) (7.4b)

We notive here that the expansion of the second term in (7.2) vanishes for
any order if 6% < |y|. This feature of the expansion is related to the fact that
the FLs and, therefore, u, . are directed in the z direction. A discussion of
this property is given in Appendix B. Since we have already utilized the
simplification of the saddle point for o< |y|, we will also restrict the
investigation of the 1/N expansion to this very region of the parameter 7.
The Gaussian fluctuations are then reduced to the first and the second
terms of Fg,,. in (7.3). Moreover, we introduce the field

(px,j ::61’7.\’,.{4—811 (ej’,:ej.—}-ez), ]= la 25--" Z(d— 1) (75)

since the matrix elements u, . are nonzero only for x'=x te;. Then we
may diagonalize Fg,,; by a Fourier transformation because G and G’ are
translational invariant:

2(d—-1) 1

FGauss - j12=1 (z_nj;f(ﬁk'llk;l’j(z)fk’jddk (76)
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with the wave vector k = (ky,..., k,_, w). The 2(d—1)x2(d—1) stability
matrix is

I, ;=(d—=1)0,;+ # Re (—2LT[)—0,J Ay e 0 g o™ e g
+-2%(2—;); [ yetrri-a ¢ i
(1.7)
with
Ak=8-2%;# (7.8a)
c, ie (7.8b)

24 ke + 92

Here we must be careful with the thermodynamic and the static limit
(¢ > 0) because they do not interchange. For a finite system, where the
integrals in (7.6), (7.7) are replaced by sums, we consider the limit ¢ — 0.
Then we can return to the integrals due to the thermodynamic limit. In this
article we will not discuss the dynamic system where the limits appear in
reversed order.

The stability matrix can now be evaluated by performing the
k-integration. In particular, we find on long scales (i.e., k=0)

1 1 Q(Kz“l’z) ik (e;+ e —
IO;j,I :(d_l)éj’1+p(2n)d‘lj Kz ek (e +¢f) dd lk (79)

The second term, which is the contribution of the log det term to the
Gaussian fluctuations, vanishes for |y| > 1 since x? < 1. This corresponds to
the fact that there are no FLs (Meissner phase) for ji=y*> 1. On the other
hand, we can evaluate the eigenvalues of I,. For d=2 we obtain

1 1 p= ) 221<2—1
Io;j,j_1+ﬁ5;jine(x —9) T dk (7.10a)

and

1 1 7 1
10;1,2=10;2,1=§2-57;J_ O(KZ—VZ)Pdk (7.10b)
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With ¢ given in (6.7), the eigenvalues of [, read
ly=2 (7.11a)

and

11 ¢ | 1
L=1 +(—73%L o> 1) " de~2= for pl~1 o (LID)
Both eigenvaiues are positive for |y| ~ 1; i.e., there are no large fluctuations

near the critical point. In higher dimensions we can estimate the eigen-
values of I, (see Appendix C) as

171 2d—3 1/2’

which is also positive near the critical point. This means that the critical
properties at the Abrikosov—Meissner transition are not affected by the
critical fluctuations for d > 2, and there the saddle-point solution is a good
approximation.

8. CONCLUSION

In this article we have discussed the statistics of interacting FLs on a
lattice which are subject to thermal fluctuations. The model we considered
is very simple: we restricted the interaction to a hard-core repulsion and
kept the length of the FLs as fixed. Nevertheless, this might be a good
description of the FLs in superconductors with short coherence length (e.g.,
high-T, superconductors), directed polymers,® or, in two dimensions,
domain walls on surfaces near a commensurate-incommensurate phase
transition.”’ FLs, usually considered as Bose world lines, have been
studied here as a fermion problem: it turned out from our calculation that
a system of hard-core FLs is equivalent to a system of free fermions coupled
to a random field. Of course, such a model cannot be solved exactly.
However, we can start from the free fermions and treat the fluctuations due
to the random field as a perturbation. If we consider the more general case
of colored FLs, it is possible to solve the limit of infinitely many different
colors. The latter, as well as the two-dimensional system with one color,
are exactly described by free fermions. The N — oo limit appears as a
saddle-point problem. On the other hand, fluctuations around this saddle
point are related to an 1/N expansion, such that results for finite values of
N can be obtained from this expansion. Fortunately, the fluctuations are
only irrelevant perturbations with respect to the Abrikosov—Meissner
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transition where the density of FLs is vanishing. However, in the literature
there are alternative approaches for the case N =1. As already mentioned
in the introduction, the FL problem can be treated in terms of interacting
bosons. It is argued that the interaction is a relevant perturbation only for
d < 3. Therefore, the mean-field result is a good approximation for d> 3. It
yields a linear density of FL instead of the power law in (6.24). This was
also found from a transfer matrix calculation® which is based on the
statistics of two FLs. Thus, it seems to be impossible to continue from
N~o to N=1. This observation deserves further investigation. For
instance, it is possible that there is a critical value N, which separates the
validity of the 1/N expansion from the validity of the free boson theory.
Nevertheless, both approaches are in agreement for < 3. In particular, we
get for the density of FLs the asymptotic behavior near the Abrikosov—
Meissner transition as [Eq. (6.24)]

n(y)~no(1 =y~ for |y/<1

where the coefficient n, is logarithmically divergent for d=3. For the
density—density correlation parallel to the external magnetic field {z direc-
tion) we find [Eq. (6.27)]

1o o el i
Cp-=5p7 (k) pa_i(k3)y" —5——+O(N7")
2 z-—1
with some values x,, k, [see (6.28)]:
O<k; <yl and 7l <r,<1

The correlation perpendicular to the directions reads [Eq. (6.32)]

2

=1 A0 s € (d )] de) + O )
[d— 1)y —11/(d—2)

niri

C.L,rl =

This implies a longitudinal correlation length &, and a transverse correla-
tion length £,. The asymptotic behavior of these lengths near the
Abrikosov—Meissner transition (|y} ~ 1) is [see (6.29)]

Ei~A=yD™!
and [see (6.34)]
EL~[2d-1)(A =y "2

The fluctuations of the random field coupled to the free fermions are
related to the effect of entanglements of FLs. The hard-core interaction
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among the FLs is described by the fermion character of the field theory. In
the boson approach,® on the other hand, the effect of the entanglement on
the statistics is correctly described already by the free bosons. However, the
interaction among the FLs can only be treated perturbatively. It turns out
from the 1/N expansion in the free-fermion approach that entanglement
effects (i.e., fluctuations of the random field) are irrelevant. In Section 2.2
we have also discussed the case of noninteracting FLs with the boundary
condition that at most one FL per site can start at the bottom. This
boundary condition, which is a hard-core interaction on the surface,
guarantees a noncollapsing system. A simple calculations shows that, for
instance, the density of FLs has a peculiar behavior: in contrast to the
power law in the presence of interactions, we find here a discontinuity
(step) at the transition point. This implies that the interaction is a relevant
perturbation. Therefore, the free-fermion saddie point is the appropriate
description of interacting FLs, since it takes the relevant perturbation into
account. This observation has been utilized for the investigation of the
effect of random impurities (quenched local potentials) where we started
from the free-fermion saddle point.!?)

APPENDIX A: MATRIX ELEMENTS IN THE 1/N EXPANSION

The following matrix elements occur in the 1/N expansion of the

fermion determinants:
: - -1
Gx/x:< lg ”o'+“/> (Al)

=T
uo +y e x, x'

Consequently, we have to evaluate in terms of its Fourier components:

1 7 - i iwz +ik-r
[ (™ +7)e dod %k (A2)

Gy, o= : :
T (my e ke 4]

iwz + ik -r

ie [~ " €
o ke S dod %k A3
i (2n)dj,n f_nszﬂke"”ﬂiz X -

The o integration can be performed easily. For this purpose it is
convenient to introduce y =e™,

L[ _J_"E’li‘”‘”_dwziag J)
&+ ke +y)? i ye(y—y Wy—y.)

= dy  (Ad)

with the poles of the integrand

1
ye= =5 PHRHPEIEH ) 4T (AS)
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In particular, we have

yiyo=1 (A.6)
and
lyel>1 (A7)

The latter follows from
1
ly, |—1=—-y,—1 =5’5 {2+ (k—7y)*+ [(2+ K%+ 72)* —dc™y?]*}1 >0
(A.8)

The integration in (A.4) is performed along the unit circle. Therefore, only
the pole at y_ contributes to the integral. This yields eventually, for ¢ ~0,

_6('})2_’(2)5 220

1 SE (ky +7)y° dyN(_y)HKZ{

2 L y(y—y Ny —vs4) (<> — ), 2<0
(A.9)
and
& y?
— dy~0 A.10
2mjvx(y—y4><y—y+)y (A.10)

(A.9) means in particular that matrix elements G, _: vanish for z <0 if
y2> 1, because of k* < 1.

APPENDIX B. VANISHING TERMS IN THE 1/V EXPANSION

As discussed in Section 7, the 1/N expansion consists in the expansion
of the type

ie (1/s)d, + N~ P8ay+vy
(1/s) @Gl + N~'2ou")—y ie )

ic (1/S)L70+y>
(1/s)yal+y ie

(—s NV it sy, +\ "'/ 0 da\Y
N2 ! Tr{[((l/s)afw ic ) (éaw)]}
(B.1)

Nlog det (

= Nlog det (

We obtain, for ¢~ 0,

Tr{[((l/s)igz +y (I/S)ziﬁy)—l(agf 50&)]1}

~Tr[(Gp,0a7)] + Tr[(GL i) 1=2 Tr[(G,6a7)']  (B.2)
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where G,, and G,; were defined in Appendix A. Now we consider the
matrix elements on the rhs of (B.2) with respect to the z dependence. We
remember that

ou, ., #0  onlyfor z'=z+1 (B.3)
Thus, in the expression
Tr[(Glz ‘mT)[] = Z (G12)2,5(5[‘T)z,z'(Gu)z’,f Tt (Glz)zwl),z(“U((WT)ZU*U,Z

= Z (Glz)z'fz(éa)z’,z‘(Glz)f’—z’ Tt (GIZ)Z’U’”—z(’_l)(él’_‘)z,z"(’“”

(B4)
one finds
Ze+h = 500 q (B.5)
due to i Therefore, there must be at least one pair z*, z*) with
70 5 ) (B.6)
because of the trace. From Appendix A we know that, for z> 0,
G, ~0 if y*>1 (B.7)

As a consequence, the expansion terms vanish for y*> 1.

APPENDIX C: ESTIMATION OF THE EIGENVALUES OF THE
STABILITY MATRIX

Here we will estimate the eigenvalues of I,

1 1 O(ic®> —2)
Lo =(d—1)6,,+ 5 j (k" —v )e’k'(e’“f)dd”k

207 (2m)*~! ©?

Because of the step function the wave vector k; in the direction per-
pendicular to the z axis is restricted to k;~0 or k;~ £m if |y| ~ 1. There-
fore, the diagonal elements of 1, are

1 1 0 = %) oy san 1
Io;j,j-(d—1)+-2?(2n)d_1j TN k~d—13; (€D

since

1 ,
o2 J (> — %) d*= 'k (C2)

~ (2723)‘1’1

822/64/1-2-20
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The off-diagonal elements (i.e., j#/) of I, can be estimated as

Ll 0= i i
o ik-(ej+e dd\l < — C3
20 (20)7" = <27 (€D

IIO;j,Il =‘

Suppose I is the stability matrix consisting only of the off-diagonal
elements of I,,. Its eigenvalues A; can be estimated from above as

2d—1)

LIPSTUIG) = 3 ) Mlo),; <

id=0

—1—42(d—1)[2(d—1)—1] (C4)
4y

This implies for the eigenvalues of I,

1 ’
Aj~d—1+2—y—2+/1j

1 !
>d=1+35- 4]

111 2d —3\'?
2 — —_— - — — ——
d 1+y2[2 (d 1)<2d—2> }
>0 (C.5)

for |y| ~ L.
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